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Introduction

Definition

Bird(]P)3) — { (I): P3 -—» ]P37

birational linear system of degree d
with base locus of codim > 1

}
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Introduction

Definition

Bird(]P)3) — { (I): P3 -—» ]P37

birational linear system of degree d
with base locus of codim > 1

}

Definition

Birg, 4, (P3) = {(I) € Birg, (P3),0! € Birg, (P3)}
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Introduction

0 € Birg(P3), H hyperplane of P3 then

0~ 1(H) is a rational surface of degree d

Birg(P3) # | Birg(P3)
d<3 d>3
S0
Bil‘4_y4(P3)?
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Introduction

(book 1927) Hudson's Table of Bir3(P3)
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On birational transformations of P3 of degree 3 and 4
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Introduction

Hudson's Table in bidegree (3,5)

D.p. of | binode | D.p.'s | pt pt of ord.| F-curves
of
contact osc.| contact | pts
. 2 w3 (rational), /
1 2 g = O1 (genus 1)
. 1 2 w3 = O (rational), /=0y
1 . 2 | w4=0%(2)
1 2 (1)2501(1), 11501(1), /2501
1 . 2 w3 = O%, /1 = 01
1 . 2 /=04 (contact), h=01, h=0,
. 2 2 w3 = 0107 (rational), /= 010>
1 1 2 0)2501(1)02, /150102, /2501(1)
1 . 1 2 /=010, (contact), 1 =01, h=0;
1 1 . 2 /= 0,02(1) (osculation), h = 01
1 . s (rational)
. 1 1 oy = 0?
. 1 1 03 =07(1), I=0:1(1)
1 . 1 . /1501,/2501,/3501,/4501
. . 6 12
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Introduction

Rough ideas about Bir3(IP3)

The situation in Birs(PP3) is poor with non normal surfaces
Only one component of Birz 4(P3) for each 2<d <5
But
The situation in Birz(P3) is very rich with normal surfaces J
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ACM examples

Determinantal cubo-cubic

00— OHEPS(—].) ﬂ) OIE‘?; — jC(3) — 0, (M generic)

o J¢ ideal of a curve C of degree 6 and genus 3.
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ACM examples

Determinantal cubo-cubic

@3 M, ~oa :
00— O]P’3 (—1) — OIP)s — jC(3) — 0, (M generic)
o J¢ ideal of a curve C of degree 6 and genus 3.

° ng(C) is a complete intersection in P3 x P3. (~ (1,1)3)
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ACM examples

Determinantal cubo-cubic

D3 M, o4 :
00— O]P’3 (—1) — OIP)s — jC(3) — 0, (M generic)
o J¢ ideal of a curve C of degree 6 and genus 3.
° ng(C) is a complete intersection in P3 x P3. (~ (1,1)3)
@ The linear system |.Z¢(3)|: P53 --» |.#c(3)|" is birational

Frederic Han, (j. w. Julie Déserti) On birational transformations of P3 of degree 3 and 4



ACM examples

Determinantal cubo-cubic

D3 M, o4 :
00— O]P’3 (—1) — OIP)s — jC(3) — 0, (M generic)
o J¢ ideal of a curve C of degree 6 and genus 3.
° ng(C) is a complete intersection in P3 x P3. (~ (1,1)3)
@ The linear system |.Z¢(3)|: P53 --» |.#c(3)|" is birational

Definition (Determinantal cubo-cubic)

Let P53 C Birz 3(IP3) be the set of maps defined by the maximal minors of a
linear map Op>(—1) — Op.".
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ACM examples

Determinantal cubo-cubic

00— OHEPS(—].) ﬂ) OIE‘?; — jC(3) — 0, (M generic)

o J¢ ideal of a curve C of degree 6 and genus 3.

° ng(C) is a complete intersection in P3 x P3. (~ (1,1)3)
@ The linear system |.Z¢(3)|: P53 --» |.#c(3)|" is birational

Definition (Determinantal cubo-cubic)

Let P53 C Birz 3(IP3) be the set of maps defined by the maximal minors of a
linear map Op>(—1) — Op.".

Ds 3 is an irreducible component of Birs 3(P3).
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ACM examples

Determinantal quarto-quartic

@ Is there a similar construction with quartics ?

0 0 Op2(~1)® Op,(~2) -2 Op% — 7(4) = 0,
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ACM examples

Determinantal quarto-quartic

@ Is there a similar construction with quartics ?
@2 G, o4
° 0 Op (—1)® Opy(—2) — Op, — F(4) =0,

@ Problem, if G is generic : P3 Z P
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ACM examples

Determinantal quarto-quartic

@ Is there a similar construction with quartics ?
@2 G, o4
° 0 Op (—1)® Opy(—2) — Op, — F(4) =0,

@ Problem, if G is generic : P3 Z P

Example (Déserti, —)
- Let . be the ideal of a general trigonal curve I' C IP; of degree 8 and
genus 5,

- 7 be the ideal of A, the unique line 5-secant to .
2 G, Ho4 2
- 0= Op(—1) ®© Opy(—2) = Op) = FRN I (4) =0
- The linear system |.#3 N % (4)|: P3 --» |#2 N .7 (4)|" is birational
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ACM examples

Construction in P3(A)

° I/E’g(A) = blow up of P3 in a line A.

o X C P3(A)xP; a complete intersection (1,0,1)-(0,1,1)-(1,1,1)
N

@ X C Py xP; x P3 a complete intersection (1,1,0)-(1,0,1)-(0,1,1)-(1,1,1)
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ACM examples

Construction in P3(A)

° I/E’g(A) = blow up of P3 in a line A.

o X C P3(A)xP; a complete intersection (1,0,1)-(0,1,1)-(1,1,1)

n
@ X C Py xP; x P3 a complete intersection (1,1,0)-(1,0,1)-(0,1,1)-(1,1,1)
@ P3 + X — IP3 are birational.

Definition (Determinantal quarto-quartic)
Bir4’4(]P’3) D) @4’4 = {q) | dA, X such that q) Py -2 X — P3}
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ACM examples

e as X C P5(A) x P5 is a complete intersection (1,0,1)-(0,1,1)-(1,1,1)
o p: X —P5(A), p.(0x(2,2,1)) gives :

O3 (a)(=1,0)
@ G
| _ D4
0— OP3(A)6(90, 1) —>0H?3(A)—>fz(272)—>0
Oy (—1:—1)
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ACM examples

e as X C P5(A) x P5 is a complete intersection (1,0,1)-(0,1,1)-(1,1,1)
o p: X —P5(A), p.(0x(2,2,1)) gives :

O3 (a)(=1,0)
@ G
| _ D4
0— OP3(A)6(90, 1) —>0H?3(A)—>fz(272)—>0
Oy (—1:—1)

o Z has genus 5, deg 07(0,1) =8, |0z(1,0)] is a g1.
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ACM examples

e as X C P5(A) x P5 is a complete intersection (1,0,1)-(0,1,1)-(1,1,1)
o p: X —P5(A), p.(0x(2,2,1)) gives :

O3 (a)(=1,0)
@ G
| _ D4
0— OP3(A)6(90, 1) —>0H?3(A)—>fz(272)—>0
Oy (—1:—1)

o Z has genus 5, deg 07(0,1) =8, |0z(1,0)] is a g1.

@ A general trigonal curve of degree 8 and genus 5 with A as 5-secant line
has the same resolution.
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ACM examples

Explicit constructions over P3

o L, =H%(Op, (1)), As=H(Op;(1)), Ay =H(Op (1)), B:lp—L;
e X C Py xP3 x P} a complete intersection (1,1,0)-(1,0,1)-(0,1,1)-(1,1,1)
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ACM examples

Explicit constructions over P3

o Ly =HO(Op, (1), Ay=H(Op,(1). A =HO(Op(1)), Bl L}

AXﬂAﬁl T: LY — Hom(Aj]A})
A= Tx

N]_OBOINo, ,\47 T}L: AX—>A£‘

Frederic Han, (j. w. Julie Déserti) On birational transformations of P3 of degree 3 and 4



ACM examples

Explicit constructions over P3

o Ly =HO(Op, (1), Ay=H(Op,(1). A =HO(Op(1)), Bl L}

AXﬂAﬁl T: LY — Hom(Aj]A})
A= Tx

N]_OBOINo, ,\47 T}L: AX—>A£‘

e Vze AX7 81 = Nl oB OINO(Z)7 82 = M(Z), 83 = TBotNo(z)(Z)
3
aAgAgse NA, =AY, (&) gives the 3 columns of G
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ACM examples

Explicit constructions over P3

o Ly =HO(Op, (1), Ay=H(Op,(1). A =HO(Op(1)), Bl L}

AXﬂAﬁl T: LY — Hom(Aj]A})
A= Tx

N]_OBOINo, ,\47 T}L: AX—>A£‘

e Vze AX7 81 = Nl oB OINO(Z)7 82 = M(Z), 83 = TBotNo(z)(Z)
3
aAgAgse NA, =AY, (&) gives the 3 columns of G
o VyeA,, g =Noo'Bo'Ni(y), & ="M(y), & ="Teony))

3
giNgyNghe NAs= A}, (g]) gives the 3 columns of G’
@ Minors of G and G’ gives a birational map and its inverse.
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ACM examples

Proposition

Dy 4 is an irreducible component of Birs 4(P3).
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ACM examples

Proposition

Dy 4 is an irreducible component of Birs 4(P3).

Proposition

Let ¢ be a general element of Dy 4, and I be the associated trigonal curve of
genus 5 embedded in P3 by Or(H), then

Q 0! € Dy, is also constructed from T but embedded in P3 by Or(H')
© Or(H) = 0f(~H)
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ACM examples

Contracted locus

¢ :P3 --»P3,0 € Dy 4, then ¢ contracts

Q A ruled surface of degree 9 (triangles with vertices elements of the g1 of I')
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ACM examples

Contracted locus

¢ :P3 --»P3,0 € Dy 4, then ¢ contracts

Q A ruled surface of degree 9 (triangles with vertices elements of the g1 of I')
@ The cubic surface containing T.
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Other examples in Birg 4(P3)

Classical examples

@ J4.4 C Birg ¢(P3) (lift an automorphism of P, with monoids)

23Pg_1(20,21,22) + P4(20, 21, 2) >

Z0:21:20.Z23) > | Z9:21: 2.
( ) ( 23Q4-2(20,21,22) + Qu-1(20,21,22)
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Other examples in Birg 4(P3)

Classical examples

@ J4.4 C Birg ¢(P3) (lift an automorphism of P, with monoids)

23Py-1(20,21,20) + P4(20,21,22) >
23Q4-2(20,21,20) + Qg-1(20,21,22)
® Ry.4 C Birg ¢4(P3), ruled surfaces with a line of multiplicity d —1

(20:21:22:23)»—>(zo:21:ZQ:

o + d—1 base rules (¢ factors through a threefold of degree d in Py )
e + d—1 base points
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Other examples in Birg 4(P3)

Classical examples

@ J4.4 C Birg ¢(P3) (lift an automorphism of P, with monoids)

23Py-1(20,21,20) + P4(20,21,22) >
23Q4-2(20,21,20) + Qg-1(20,21,22)
® Ry.4 C Birg ¢4(P3), ruled surfaces with a line of multiplicity d —1

(20:21:22:23)»—>(zo:21:ZQ:

o + d—1 base rules (¢ factors through a threefold of degree d in Py )
e + d—1 base points
@ G. Loria’s example (1890) in Birs 4(IP3). (Steiner quartics + 3 base points)
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Other examples in Birg 4(P3)

Classical examples

@ J4.4 C Birg ¢(P3) (lift an automorphism of P, with monoids)

e 733 C D33, 50 733 is not an irreducible component of Birz 3(P3)

o Jy4 is another irreducible component of Birg 4(P3)
® Ry.4 C Birg ¢4(P3), ruled surfaces with a line of multiplicity d —1

o + d—1 base rules (¢ factors through a threefold of degree d in Py )
e + d—1 base points
@ G. Loria’s example (1890) in Birs 4(IP3). (Steiner quartics + 3 base points)
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Other examples in Birg 4(P3)

Classical examples

@ J4.4 C Birg ¢(P3) (lift an automorphism of P, with monoids)

e 733 C D33, 50 733 is not an irreducible component of Birz 3(P3)

o Jy4 is another irreducible component of Birg 4(P3)
® Ry.4 C Birg ¢4(P3), ruled surfaces with a line of multiplicity d —1

e R33 is an irreducible component of Bir3 3(P3); R33 # D33

@ Ry 4 is another irreducible component of Birg 4(P3)

@ G. Loria’s example (1890) in Birs 4(IP3). (Steiner quartics + 3 base points)
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Other examples in Birg 4(P3)

Classical examples

@ J4.4 C Birg ¢(P3) (lift an automorphism of P, with monoids)

e 733 C D33, 50 733 is not an irreducible component of Birz 3(P3)

o Jy4 is another irreducible component of Birg 4(P3)
® Ry.4 C Birg ¢4(P3), ruled surfaces with a line of multiplicity d —1

e R33 is an irreducible component of Bir3 3(P3); R33 # D33

@ Ry 4 is another irreducible component of Birg 4(P3)

@ G. Loria’s example (1890) in Birs 4(IP3). (Steiner quartics + 3 base points)

e In another component of Birs 4(P3)
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Other examples in Birg 4(P3)

With normal surfaces

Remind : J4.4 C Birg 4(P3) (lift an automorphism of P, with monoids)

Proposition

Any element of Birs 4(P3) with normal quartics in its linear system is in Ja 4
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Other examples in Birg 4(P3)

At least one more component in Bira 4(P3)

@ Let p be a point of P3 of ideal .7, = (29, 21,2)
o Q1 €HY(H(2)), @ cHY(F3(2)), feH(Op,s(1))
@ A general point p; of P;

I =(F,Q)2N(Q1, @)NF2N .7, then |7(4)): P35 |7 (4)]
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Other examples in Birg 4(P3)

At least one more component in Bira 4(P3)

@ Let p be a point of P3 of ideal .7, = (29, 21,2)
o Q1 €HY(H(2)), @ cHY(F3(2)), feH(Op,s(1))
@ A general point p; of P;

I =(F,Q)2N(Q1, @)NF2N .7, then |7(4)): P35 |7 (4)]

@ These examples must be included in another component of Birg 4(Ps3)

@ So Biry 4(P3) has at least 5 components
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